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The  "bound  Tortox  drag"  of  a slngla  hydrofoil  is  cciaputed  for  diff- 
erent, pi*escribed  lift  distributions.  Eq.  (3U)  gives  the  drag  in  the 
limiting  case  of  a very  short  span;  Eq.  (35)  in  the  case  of  a very  long 
span. 

Subsequently,  the  case  of  an  arbitrary  span  is  considered  (Eq.  (39) )j 
a nuasrical  calculation  has  been  carried  out  for  a Froude  number  F = 10.85 
md  a rectangular  lift  distribution  (Fig.  11).  Eq.  (39)  can  be  greatly 
slrqjlified  if  the  Froude  number  is  either  very  small  (Eq.  (39*)  for  a 
rectangular  distribution)  cr  very  large  (Eq.  (39^)  for  a rectangular 
distribution). 

In  section  7,  the  problem  of  the  optimum  lift  distribution  of  a 
hydrofoil  is  shox*tly  discussed  in  a qualitative  wsy. 
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!•  mtrodaetion 

1.  A hQrdrofoil  of  s«ol>span  b ifl  conBldercdf  ncrlng  at  a oooetant  apead 
of  adranca  V and  ccoatant  aubsarganea  through  ir«.tar  of  Infinlta  depth 
(Fig.  !)•  The  vatar  la  aasuaad  to  ba  undiatoabad  axcapt  tgr  the  action 
of  the  liT^drofoll  Itaelf. 

In  the  prasent  apporaaoh,  for  tha  purpoae  of  a aia^liflad  analjala^ 
the  actual  foil  la  replaced  by  a sijjgla,  straight  "bound  - Tortaoc-lina” 

In  conf amity  -with  nrandtl'a  airplane  wing  thaocy.  Tba  bound  •>  Tartar- 
line  is  taken  parallel  to  tha  (undiatarbad)  interface,  at  a diatanoa  f 
fron  It,  and  located  approzlsateiy  at  the  canters  of  lift  cf  tha  vlsg 
aactlona  of  tha  taydrofoU. 

An  arbitrary  apanwlae  lift-diatrlbotlon  la  preaorlbad.  Tha  probl«»'> 
ia  alollar,  therefore,  to  tha  ao-oallad  "firat  problan  cf  airfoil  thcory*^^ 
cosqpUcatad  hare  by  the  praaanca  of  on  Intsrfaca. 

Tlacoua  farces  ora  Mglactad.  Irrct3>tioual  fluid  nstios  is  aaaursd 
averyuhere  outdida  the  bound  Tortax  and  the  trailing  Torter  sheet. 

Tha  ooordinata  ayatam  x-y-s  in  Fig.  1 la  conaldsr«o  beiz^g  fixed 
with  the  foil.  They  x-y  pine  coincides  Trith  tha  undlaturbad  pKMltlon 
of  tha  intarfacs.  Viewed  in  this  freaa,  tha  flu5.d>£ction  xa  ateac^. 

The  Telocity  at  Inflni^,  7,  shall  horr)  the  direction  of  the  posltlTe  x 
eoda. 

2.  The  Telocity  at  azy  giren  point  of  the  fluid  la  daaignatad  by  the 

Tector  C in  the  x-y-a  syat  ciu*  will  be  assxnaed  that,  for  points 

on  tho  free  surface. 


1/ 
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/r.7\^ 

aneh  ttiat  imewB  of  tbo  ardor  of  vagnltudo  of  ( — - — j aigr  bo 

aoglootod.  Tho  tbofm  aoraqitioD  la  the  bettor  folfUlod,  in  the  cmo  of 
•isilor  Uft-dlatrlbatieoi,  tho  aaollor 


IS  tbs  BuodJKa  t»1»v  tae  spooKlso  clrcttlotlon-dlotrl^ 
tmticou  loaBrleal  ejcaaploo  in  Rofo.  (o)  and  (c)  Indicate  thifcSq.  (1) 
zhoKilxd  5^  mU.  foilfijLXad  in  locat  actual  applicatioDS  of  hQTdrofoila* 

It  folloos  from  the  above  poattilate  that  the  slope  of  the  ourfeoo 
-*rss  J55d  tbetr  height  are  aaeiinod  to  be  enall.  TT»  latter  st&teiiaat 
foUoas  froa  as  cppllcatlon  of  Bernoulli ’s  oquatlan  to  the  free  surface* 
In  fact,  it  la  f<«ad  that  tho  wave  height  la,  hr  virtue  of  Eq.  (1), 
aasuMd  to  bo  auU  cooparod  with  tho  doep^ator  wavelength  ZtfVy§ 

(o*g.  Hof.  (d)  § 220). 
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Also,  It  will  be  assuoad  that  the  wave  height  is  small  compared  with 
the  suboBTgence  of  the  fotl* 

Due  to  these  simplify  leg  8Ssuaq>tions  the  boundary  condition  at  the  free 
surface  is  linear  (section  3*3)« 

3*  Strictly  speaking,  the  trailing  vortexes  coincide  with  streamlines. 

In  the  case  of  a wing  in  an  infinite  medium,  however,  it  is  known  that  a 
good  approximation  to  the  induced  drag  is  obtained,  if  the  trailing  vortex 
lines  are  assumed  to  be  straight  and  in  the  direction  of  the  free  stream 
velocity.  At  least  this  is  the  case  if  the  induced  drag  over  lift  ratio 
is  small,  which  in  turn  requires  a reasonably  high  aspect  ratio. 

In  the  case  of  a the  presenc*  of  the  Interface  causes  an 

additional  distortion  of  the  trailing  vortexes.  The  vortex  sheet  follows 
now  to  a certain  extent  the  wave  motion  of  the  surface.  Due  to  the  damping 
effect  exerted  by  the  depth,  the  amplitude  of  this  motion  is  diminished 
as  compared  with  the  one  of  the  surface.  It  follows  from  the  conclusions 
drawn  in  section  1,2,  that  this  distortion  of  the  trailing  vortexes  is 
small.  One  neglects  only  small  terms  of  higher  order  if  one  assumes, 
for  the  purpose  of  confuting  the  wanredrag,  that  the  trailing  vortex 
lines  are  straight.  With  this  aseumption,  the  boundary  condition  for  the 
velocity  at  tlie  vortex  sheet  Is  linear. 

Concluding,  one  may  note  that  the  (in-viscous)  drag  is  small  compared 
with  the  lift  in  neaj'iy  sdl  c.-vjsa  of  technical  interest.  This  means  that 
the  downwash  is  small  compared  with  the  speed  of  aovaiice*,  T^hich  Indicates 
that  the  liliasrisation  of  the  boundary  oondJ.tlon  at  the  surface  and  at 
the  vortex  wheot  is  permissible  in  these  cases. 
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2.  Noaenclature 
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.conatants  (liqs.  (26"),  (170; 

semi-span 

lift  coefficient  of  foil 
bound  vortex  drag 
trailing  rortex  drag 
submergence 

Froudo  number  (Eq.  (33)) 
acceleration  due  to  gravity 
lift 

lift  per  unit  span 
constant  (section  7.2) 
radii  (Figs.  1,  6) 
wing  area 
tine 

speed  of  advance 

dawnwash  in  y-z  plane.  Induced  by  image  of  wing-element 
coordinates  (Fig,  1) 
elevation  of  free  surface 


ft ..•••span-cubasrgence  ratio  (Eq.  (38)) 

wigle  (Fig,  9) 

r .•Circulation 

r Oanna  function 

...,, i ....  angular  coordinate  (Fig.  1) 

0,  0' angular  coordinates  (Figs.  6,  9) 

/«■  constant  (Eq.  (3?)) 


Density 


■ ---jni  »"  — •“ 


;,r'" 
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^ ...perturbation  potential  pertaining  to  wing  eleoent 

£ ....pertiicrbation  potential  of  rcrtationally  Byuuuetric 

problem  (section  U.l) 

,y, , dimensionless  functions  (Eqs.  (3U),  (35)»  (36),  (39)) 

•“ ..superscript  indicating  spanwise  average. 


3.  Basie  Ekpiationa 

1.  It  is  convenient  to  consider  the  velocity  with  respect  to  the  x-y-z 
coordinate  system,  at  any  point  below  the  interface,  as  the  resultant  of 
the  following  velocities? 

(1)  The  free  stream  velocity  V in  the  positive  x direction. 

(2)  The  velocity  induced  by 

(a)  the  bound  vortex, 

(b)  the  trailing  voi'texes, 

(3)  The  velocity  induced  by 

(a)  an  image  of  the  bound  vortex,  i.e.  the  vortex 
obtained  by  reflecting  the  bound  vortex  at  the  x-y 
plane  and  changing  its  sense  of  rotation  (Fig.  1), 

(b)  the  corresponding  images  of  the  trailing  vortexes. 

(li)  The  velocity  derived  from  a perturbation  potentlal+(x,y,s). 
This  merely  amounts  to  s definition  of  ♦ • the  determination  of  which 

will  be  the  first  problem  considered. 

At  all  points  below  the  interface,  items  (2),  (3),  and  (li)  are  of  the 
nature  of  a small  perturbation  added  to  ^ . The  only  exception  to  this 

arises  in  the  immediate  neighbourhood  of  the  foil,  where  item  (2a)  assumes 
large  values. 

The  velocity  defined  in  (h)  above  is  irrotational  everywhere,  including 
points  situated  on  the  bound  - and  trailing  vortex  linos.  Hence,  the 
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resultant  velocity  obtained  by  addition  of  (1),  (2),  (3),  and  (U),  is 
also  Irrotatlonalj  as  la  required,  except  at  points  located  on  the  bound 
and  trailing  vox^i^xea  of  the  foil,  ehere,  due  to  item  (2),  the  correct 
circulation  la  obtained. 

Item  (3)  above  is  introduced  merely  for  mathematical  convenience 
(section  3«3).  Omittlrig  or  adding  it  mounts  only  to  different  definitions 

of  4 • 


2.  We  consider  first  the  case  where  the  span  2b  is  vary  small  compared 
with  the  other  characteristic  dimensions  of  the  problem  *).  The  general 
case  of  a finite  span  is  then  obtained  by  superposition  of  the  results 
derived  for  the  infinitesimal  span. 


3. 


A • 


♦ -r-r  ^ 


the  solution  being  subject  to  the  boundary  conditions  derived  in  this 
section. 


(2) 


Neglecting  terms  of  higher  order,  one  may  replace  the  boundary  conditioxis 
at  the  interface  by  conditions  inqxjsed  at  z • 0.  We  exanine  first  the 
velocity  Induced  at  aiy  point  of  the  x-y  plane,  by  items  (2)  and  (3)  of 
section  (3.1). 

The  bound  vertex  (2a)  and  Its  image  (3“)  ipAice  toaether  a velocity,  the 
y and  s cosqmnents  of  which  .vanish  **)  by  reason  of  symnetry.  The  x com- 
ponent becomes,  fear  2b 


♦)  The  quantity  V /s  , which  enters  the  Froude  number,  has  the  dlnension 
of  a length  and,  in  general,  most  also  be  considered  as  a characteristic 
dimension  of  the  problem.  The  sane  applies  to  r/V  , a quantity  which 
in  the  case  where  the  foil  is  replaced  by  a vortex  line,  appears  in  lieu 
of  the  chord.  Actual-ly,  however.  It  is  shown  in  a subsequent  part  of  the 
analysis  (section  7)  that  the  above  conditions  m^y  be  replaced  by  a less 
stringent  one:  It  is  sufficient  to  require  2b  «f  in  order  that 

the  equations  of  the  present  section  be  valid. 

**)  The  fact  that  the  « component  vanishes,  is  the  main  advantage  gained  by 
the  introduction  of  the  image. 
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>^L  f*y^ 

xTom  the  anaiogoa  to  the  ’•Law  of  Biot  and  Sarart"  in  electro^smaicica. 

There  is  t“  ■ x**^'  and  P denotes  the  average  circulation,  that  is 

♦ b 

r . ^ir(%)d.i. 

Ik) 

-b 

The  trailing  forteoces  (2b)  and  their  images  (3b)  induce  together  a 
velocity  with  vanishLig  x and  z componenta.  It  will  appear  that  the  y 
C0E?x)nent3  of  relocitiee  do  not  enter  expliciteDy  the  boundary  conditions 
for  the  free  surface;  there  ia  no  need  therefore  for  an  exprcsaion  for  the 
relocltv  induced  by  the  trailing  vortexea  together  with  their  images. 

Pig.  2 depicts  the  resultant  velocity  and  its  con^nenta  at  % point 
located  on  the  x-y  plane. 

a C 


i 


The  pressure  is  constant  for  points  on  the  fi*ee  sxirface  and  msy  be  put 
equal  to  zero  without  lose  of  generality.  Hence,  from  Bemoulli'a  equation, 
neglecting  texioB  of  higher  order  in  the  pex^urbation  velocity, 

||v%  "(slj}  " = fv* 

since  z^»  0 for  x * - •*>,  (x,y)  is  the  local  elevation  of  the  free 

surface  from  its  undisturbed  position. 
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Sijnplliying  the  preceding  equation,  one  obtains 

The  constait-Freesure  surface  s^(x>7)  as  defined  ty  £q»  (3),  nust  be 
tangent  oreiyirhere  to  the  velocity,  since  it  is  at  the  sane  tiine  a fluid 
boundary.  Neglecting  again  teme  of  higher  order,  this  condition  becooss, 

li.  ^ -L  / ) 

)x  V 


Eliminating  z,  by  differentiation  with  respect  to  x of  Eq.  (3)  and 
inserting  into  Eq.  (h),  one  obtains  the  following  boundary  condition 

♦ , 


Assuming  infinite  depth  of  the  water,  one  has  the  additional  boundary 
conditions. 


since  the  disturbance  produced  by  the  foil  must  vanish  at  large  depth. 
Finally,  since  we  assume  that  the  water  is  \indisturbed  except  by  the 
action  of  the  foil  itself. 


Eq.  (2)  together  with  the  boundary  conditions  (5),  (6),  and  (7) 
dster^dne  the  potential  4*  > 

U.  Before  proceeding  with  the  equations  so  far  derived,  it  is  inU^reeting 
to  discuss  a problem  which  is  closely  related  to  the  present  one. 

The  term  ^ equation  prccsdlng  Eq.  (3) 

did  arise  ftrom  a velocity  component  (Fig.  2),  but  It  could  also  have 
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arisen  flrom  a pressure  distribution  InqMsed  on  the  free  surface  «)• 

This  suggests  to  consider  the  surface  iraTe  pattern  produced  b7  an  air-> 
plane  flying  at  an  altitude  f • over  calm  water,  at  a horizontal  speed  7’ 
(sea  plane  at  take-off).  If  we  again  first  assume  that  the  span  2b'  is 
small  compared  with  f,  one  can  show  (e.g.  Ref.  (•))  that  a pressure 
Increnant 


t 

P 


; b'P'i’ 


- Vi 


results  at  the  surface.  here  Is  the  density  of  the  air.  Eq.  (8) 

1s  usually  derived  for  a plane,  rigid  boundary.  Taking  Into  account  the 
large  difference  in  density  of  air  and  water,  it  is  not  difficult  to  show 
that  one  neglects  only  terms  of  higher  order  if  Eq.  (g)  is  applied  instead 
to  a free  water  surface.  Indeed,  this  is  also  obvious  intuitively. 

The  veloci'ty  of  the  water,  illative  to  a coordinate  system  yj 
fixed  with  the  airplane,  can  be  taken  as  the  resultant  of  the  following 


(8) 


velocltleai 


(1) 


The  free  stream  velocity 
direction. 


in  the  positive  x* 


There  is. 


(2)  The  velocity  derived  from  a perturbation  potential, 
*<'»  v't  *■). 

i**'  i**'  A 

I — . f + , " '' 


Bernoulli's  equation,  applied  to  the  water-side  of  the  interface  becomes 


♦)  Conqpare  also  Ref,  (f) 


I 


HR  - lit 


this  becooMf 


Page  -11- 

OOKFTIENTrtL 

£]  . 

Uo  “‘W 

X ^ ' 

Also 


and 


(B 

(a... ■(,¥).,.. -(a,..-  • 

/>£] 

» 0 

CoBqi«rl0on  of  Kqa.  (2),  ($),  (6),  and  (7)  for  ^ lith  Eqa,  (9), 
(10),  (11),  ind  (12)  for  <►*  ahovs  that 


Lm  ' 


jroridad 


and 


_V*  ^ ^ 

f9  “ f9 


% 


/ 


/ 


vhare  L ■ 2bfVf^  and  L'  • Ziit^VV' 
the  Iqrdrofoil  «d  the  alrplanB  wing  reapeetlTaljr. 
Frist  Eq*  (3)  then  foUoee 


/' 

ere  the  lift  ot 


. «..a 


(10) 


(11) 


(12) 


(13) 


lih; 


(15) 


(16) 


since  the  eqaetlana  datersdjiing  the  potential  are  linear,  the  case  of 
a finite  apan  can  be  obtained  bgr  aaperpoaition  of  the  effecta  of  aeaU  wing 
elewenta*  Ylng  eleiBHita  of  rectangular  lift>dl«tribution  can  be  choaen 
end  the  liniting  process  saq^lcTed,  which  la  achematicallj  indicated  in  Fig.  3< 
Since  aaperpoaition  la  peraisalble,  the  reaiilte  ao  far  derlTad  wast  be 
Talid  alao  for  the  finite  epen  nd  aaqr  be  forwulated  aa  follows  t 


I 


Page  -12- 

OONFIDEirriAL 


HR  - U 


Pl'OTided  that  a hQrdrofoll  and  an  aircraft  wing  are  geoBetrically 
similar  and  have  the  aaae  Fronde  number  (Eq»  lii),  the  perturbatlou  pc 


Fig.  3 


tial  ♦ 

and  the  surface 

disturbance  s , 

♦ y. 

i 
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1 
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r(sO  ^ 

( 
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are  similar  In  both  cases,  in  the  sense  that  Eqs*  (13)  and  (16)  hold*  The 
factor  of  proportionality  In  Eq»  (16)  being  a poeitive  quantity,  depressions 
of  the  water  surface  In  one  case  are  also  depressions  in  the  other,  etc. 

For  instance,  with  L*  = 13CKX'  lb,  2b’  = 70  ft,,  V ■ 120  m,p»h,  (Gru- 
nman  0-73  Flying-boat)  and  f*  * 20  ft.,  the  dimensions  of  the  corres- 
ponding hordrofoil  craft  would  become,  with  V * UO  knots:  Zb  = lO.U  ft., 

f ■ 3 ft.  Assuming  L = 1000  lb,  *o’  is  29%  of 

U.  Solution  For  The  Potential  ♦ 

Is  The  fact  that  the  inhcsogenous  part 

9 « ' 

of  Eq.  (3)  is  rotationally  syxoetrlc  with  respect  to  the  x-axls,  suggests  to  deal 
first  with  a modified  problem  *)  which  is  entirely  symmetric  with  respect  to 
tlxez-axls!  Assume  calm  water  and  a coordinate  system  at  I'ost  relative  to 


♦)  The  approach  here  is  the  same  as  uaed  by  Lanb  (Ref.  (d))  and  in  various 
papers  by  Havelock, 
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the  water  (Fig.  U)»  An  external  pressure  ]^,,dlstrlbated  orer  the  Area 
surface  according  to 

P m A ^ 

S«# 

shall  be  suddenly  applied  end  aalntalnsd  during  a short  Intemral  it  ^ 
after  which  It  Is  restored  ("Is^nlslre  pressure").  A and  f abora  are 
constants.  In  the  process  of  building  up  the  solution  for  the  sulasrged 
foil  from  the  solution  of  the  modified  problsn  px«sent]y  coenslderedf  tbs 
constant  f abore  will  be  tatasn  equal  to  the  suhaergence  of  the  foil, 

whereas  A will  be  taken 

A - 

(section  3.U), 


(17) 


(170 


The  effect  of  the  externally  applied  prea8uz*e  Is  "felt"  Instantaneously 
at  any  point  within  the  (Incompressible)  fluid.  At  any  such  point,  defined 
by  coordinates  x e pxressure  P (r,a)  results.  In  addition  to  the  hydro- 
static pressure  due  to  iprarl^.  P (r,s)  is  constant  during  the  tlaa 
Intarral  it  snd  fulTilla  the  equation 

V*P  - 0 

together  with  the  bo\indaiy  condition  Eq.  (17)  at  a ■ 0 (a.g.  Raf.  (g),  § 73). 
At  the  end  of  the  Intax^al,  the  fluid  has  acquired  a reloolty  whldi  can  be 
derlred  from  a potantlal,  lAilch  In  tom  is  equal  to  ~ ^ ^ (Raf*  (g)). 
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The  motion  which  takes  place  after  the  time  t ■ 0,  that  is  after 
the  external  pressure  has  been  removed  at  the  end  of  the  intenral  St  , 
can  be  described  by  a potential  f (^.  *,  t]  , 't^J.ch  fijlfills  the  equation 

>7*f.  • 0 

Since,  f t one  obtains  from  Eq,  (1?)  the  condition 

. -A  U 


(18) 


(1^) 


5 “ 

» • 0 

For  the  elevation  of  the  free  surface  one  has  the  initial  condition 

since  at  the  end  of  the  time  interval  it  , can  be  shown  to 

be  of  the  order  of  and  consequently  is  neglected.  Capital  letters 

are  used  in  order  to  distinguish  the  various  functions  pertaining  to  the 
present  problem  from  those  pertaining  to  the  case  of  the  suboerged  foil. 

Applying  Bemoulli>s  equation  to  the  free  surface,  at  a time  t>  0 
and  neglecting  the  square  of  the  velocity  as  of  higher  order, 

(The  arbitrary  time  function  wtiich  is  soiwtiroes  retained  in  the  formulation 
of  Bernoulli's  equation  for  instatlonary  flow  can  be  merged  into  the  potential). 
Furthermore  one  has  to  satisfy  at  the  sm'face  the  kinematical  condition, 

>L  . (il) 

It  \ Jz  /a. ^0 

if  terms  of  higher  order  are  again  neglected.  Eliminating  Z, 

from  the  last  two  equations,  one  obtains  as  boundary  conditions  for  $ , 

Also, 


♦ S 


I-}  - 

[iz  Iz ’TO 


(18*) 


nnd 


(d)  . fiil 

(-)  - (-) 

yir/r-mmo 


(18**) 


(18^) 
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2.  A fundaiiiental  soZ  tion  of  £q.  (18)  is 

§ ■ C J,  ; k fc  0 

ehere  0,  Is  the  zero  order  Bessel  function  and  k an  arbitrary 
constant.  Fi-om  bna  principle  of  superposition  of  paz^icular  solutions  of 
linear  equations , 

OO 

f (r.  at).  j •((•*}  X(krj  dk 


oust  also  be  a solution, 
later. 


is  a function  of  k to  be  duteroinsd 


Assuaing  that  the  integral  in  Eq.  (19)  is  uniformly  convergent  and  differ- 
entiating under  the.  integral  sign,  one  shoes  easily  that  Eq.  (1^  is  ful- 
filled by  the  espz*ession  (19).  Similarly,  Eqs.  (1^  and  (18^ ) oan  be 
shoim  to  be  satisfied.  For  instance,  there  is  \ 

• ji 

as  required  ly  the  first  one  of  Eqs.  (16  ). 

Finally,  substituting  eoqnression  (19)  into  the  remaining  boundary  con- 
dition Eq.  (16  * ), 

3.  (^»‘i  m - A St  ] 

In  order  to  determine  ec(k)  from  this  equation,  me  make  use  of  the 
Integral  theorem  for  Bessel  functions, 

F^r)  - J k J,  (»<’') F('iy  j,('kO 

Taking  here  for  the  function  * 


one  has 


« A St  * P) 

r*  .o 


The  last  integral  occartlng  here  is  brought  with  the  substitution  of  the 


1 
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now  7arlahle  m * —•  for  I 


OQ  a «tandai*d  form^ 


vhere  c » fk  k 0 « Tha  integral  on  the  ri^it  ia  siaply 
y m(m**l)  = e * 

* c 

which  le  a apeolal  ease  of  om  of  Sonina's  fommlas  (Ref. (h)«  $ 13*6). 

Hence,  Ttoa  Eq.  (20),  ^ 

jl(k)  (krj  dk  . . *^Ci 


which  is  aatlafled  liy 


(21) 


(22) 


4»<]  - - , 

|k# 

Consequently,  one  has  asaolution  of  Bqa.  (18)  to  (18  ),  fron  Eq.  (19)# 

#•  . 

> A H f . iTTr*  i t I _ 

J «>«(  fS'' 7 

3.  The  case  of  a hydrofoil  of  snail  span  2b  ia  now  obtained 

fron  the  resxilta  of  the  prerioua  section  by  a process  of  superposition  ♦). 

Aesune,  as  before,  that  the  pressure  forces  Eq.  (17)  act  on  the  free 
surface  during  a tine  interral  it  « The  wavec  produced  by  this  process 
are  described  ty  Eq.  (22).  At  the  end  of  the  Inteiwal  It  , suppose  that 
the  process  be  repeated,  but  new  with  the  center  of  the  pressure  distri- 
bution at  a distance  V-St  Ifon  the  original  center,  and  so  forth.  In 
the  llnlt,  for  Tanlshlng  it  ^ cce  obtains  the  case  of  a pressure  distri- 
bution aorlng  continuously  at  a speed  7.  The  potential  function  pertaining 
to  this  case  is  identical  to  the  one  pertaining  to  the  hydrofoil  (section  3.h). 

Consldar  a point  P with  coordinates  x,y,z  in  a coordinate  system 
fixed  with  the  foil  (Fig.  $).  Also  consider  a point  Q through  which  the 
foil  has  passed  t units  of  tine  earlier;  Q is  then  at  a horizontal 
distance  7t  behind  the  foil.  At  the  present  moment,  P receives  waves 


«)  Coopare  footnote  p.  12 


( 
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vh3.eh  originated  at  Q,  t units  of  tiae  earlier.  Siallarly  it  receires  waves 
fron  points  , q"  , etc.,  though  the  tins  elapsed  is  different.  Re- 
placing therefore  in  £q.  (22)  r hjr  md  integrating 

over  t froa  0 to  <»  , one  obtains  for  the  potential  pertain- 

ing 


to  the  >Qrdrofoil  of  saail  span. 


(23) 


(.«  If.#  * 

The  above  expression  for  4 satisfies  all  the  conditions  (Eqs.  (2), 

(S)$  (6),  and  (7))  imposed  cn  ^ .La  order  to  check  this  in  the  case 
of  Eq.  (5)*  for  instance,  we  ha!ve  to  find  first  ^ . For  convenience, 


we  put 
from  which 


— ■ - V r- 

,t 


Differentiating  (23)  under  the  integral  sign  and  altering  the  sequence  of 
integration,  — T , d F , v 

J , 

k««  t*o 

Ihe  last  integral,  if  integrated  by  parts,  is 

- A-  3,  (t<v  » V <■*! 

t»0  ' J, 

Making  use  of  the  relationship  ^ a::— ^ 
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5. 


irtilch  occurs  frequently  in  applications  of  Bessel  functions^) one  obtains 


t*o 

Differentiating  and  integrating  by  pai^s^agaln,  leads  to 

^SO  It** 

upon  ffubetitution  into  the  left  of  Eq.  (5),  together  with 

. - J^r  Jt elk 

one  recognises  that  Eq.  (5)  le  Indeed  satisfied^ 

The  surface  eleTati.cn  is  now  obtained  froa  Eqso  (3)  and  (23*  ), 

X.(M,  . \ 

k*o  •* 


The  Ware  Drag  of  a Hydrofoil  of  Small  Span 

1.  The  following  considerations  are  valid  for  the  general  case,  where 
the  spec  miy  be  arbitrarily  large;  later  we  shall  restrict  our  attention 
to  the  case  2b  . 

Neglecting  viscosity,  the  drag  of  a foil  can  be  obtained  either  by 
computing  the  "downrash"  at  the  foil,  or  ly  considering  the  energy  gained 
by  the  fluid  in  the  rear  of  the  foil.  We  shall  adopt  here  the  method  men- 
tioned first. 

At  aiy  point  on  the  center  of  lift  line  of  the  foil,  the  downwash  is 
composed  of  the  contributions  made  by  Items  (2b), (3b),  and  (li)  of  section 
3«1«  The  downwash  produced  by  (2b),  and  (3b)  can  be  obtained  from  resuJ.ts 
derived  in  the  wing  theory  of  airplanes.  The  downwash  res\iltlng  from  (U) 
will  be  obtained  by  a superposition  of  the  result  obtained  in  Eq.  (23* ) 
valid  in  the  case  2b<-'-j 

To  each  component  of  the  downwash  corresponds  a component  of  the  drag. 

Lotal  drag  asy  then  be  separated  into  the  four  (additive)  coi’^onsats 
listed  in  table  1, 


(23*) 

(23^) 

(23=) 


(2U) 


'i'uc  same  relationship  v/a:  used  on  pares  lb/16. 
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Table  I 


r ■ ........ 

Corresponding  Downwash  1 Remarks  | 

^ i 

(1)  Trailing 

Vortex  Drag  ♦) 

Induced  by  trailing 
Tortexee,  (2b)  of 
section  II2.1. 

— — — ■ 

Identical  with  the  in- 
duced drag  of  a mono- 
plane. Independent  of 
Bubotergence. 

(2)  Boond  Vortex 
Drag  *) 

(a)  Induced  by  trail- 
ing Tortexes  of 
iBage,(3b)  of 
section  II3A* 

Identical  with  the 
■ground  effeef*  of  m 
alrplsxM.  This  cosk 
penest  of  the  drag  is 
negatlTS. 

(b)  Velocity  derirsd 
from  pertorbatioD 
potential,  (U)  of 
section 

(3)  Profile  Drag 

(U)  In  6momm  to  -siiich  ths  pTossst  thsorj  i*  net  Tally 

•dditiaoal  drag  sigr  he  experienced.  To  those  cases  belongs  the 
fonaatlon  of  shock  fronts,  which  cannot  be  rendered  ty  a theory 
ntilising  ILiearlaed  boundary  conditions. 

*)  These  exporeesloas  sere  first  proposed  in  Ref.  (a) 


MSajbnfciSiiNiM 
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Since  the  domn’aah  pertaining  to  the  bo\md  rorteix  drag  can  also  be 
regarded  aa  being  "induced",  it  seems  preferable  to  use  the  exparesaion 
"trailing  rortax  drag"  rather  then  "induced  drag"  for  the  first  item  in 
table  1 «)•  In  the  case  of  an  infinite  span  aid  constant  circulation 
only  a bound  vortex  is  present  and  only  Item  (2)  (besides  (3)  and 
possibly  (li))  gives  a contribution  to  the  drag.  Hence,  it  seems  Just- 
ified to  apply  the  expression  "bound  vortex  drag"  to  item  (2)|  and  this 
also  in  the  case  of  a finite  span. 

Since  the  trailing  vortex  drag  is  obtained  from  the  vell-knoim 
axrressions  developed  for  the  induced  drag  of  as  airplane  wing,  me  can 
now  restrict  our  attention  to  the  bound  vortsx  drag  . 

2.  Consider  first  the  downwash  w at  mtf  point  P in  the  y-s  plane, 
produced  by  the  trailing  vortaxea  image  of  a wing  of  small  span  (Pig.  6). 

The  trailing  vorticily  shed  between  md 

inducas  st  P a velocity  dw*  in  the  y-s  pine.  Par  the  integrated 
effect  of  this  trailing  vortex,  extending  from  zsOtoze"^  , one 
finds  (e.g.  Ref.  (e)),  ^ 


Neglecting  terms  of  higher  order, 

r 

from  Fig.  6.  Hence, 

Jw* 


Uk^' 
• K - 1^1 


m / 


- .7?  ( ’* 


u. 


»)  Ref.  (a). 
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if  higher  order  terae  ere  again  xMgleetad.  With 
f 

A yj  \ 

yu^0-tc^9  m ^9^1  ~ 
the  Tertical  coaponent  of  the  Indioed  velocitj  in 

^9  dr  r V*  _ 3^*1  >1  fi  . ^ C0i(29)] 

^K%  (,  ^ yUtuB  “ ♦X'R  [’  W Hf'm9  J 

SloUarljf  the  rertlcal  eoapooent  of  the  Telocity  indnced  the 


trailing  rcrtez  abed  at  -•<»  is 
9 ^'rf,  ^ ^ €t^(29)1 

K J 


i 

Adding  the  last  two  equations  and  integrating  froa  0 to 


one  has  for  the  doaxnrash  w at  P,  porodnoed  by  the  trailing  rortexea 
iaage,  h 


2K 


if  the  dssnrssh  is  coosidered  as  poeitire  if  directed  dounsai‘de« 
Thoroogh  integration  by  parts,  one  has  finally, 

c^2$) 


w 


771F 


I 


ah  « 

X «•  o 


“ 1 


(2S) 


I 


HR  - U 


P*«e  -22- 

OONFmENTIAL 


!•  Hart  «•  ahall  find  a closed  eziaression  for 


in  tsriK  of 


tdbnlafcsd  funotions,  for  points  in  the  lover  half  of  the  j-%  plans. 

FS:o«  Sq.  (23*)jrith  X » 0 tc^  the  suhetitotion  f • Vt  , 

H . _ o*  ( rjJ^  ( ^ ^ ctr 

T*»» 

ne  second  integral  hare  ie  a Sonina  disccntimious  integr-1  and  has  the 


ralue  (Rsf.  (h),fl3.U?) 


for  k < 


m 


i.e. 


It  is  therefore  sufficient  to  begin  the  integration  orer  k at  a loser 


9 


j 


k>-^ 


k-  «/v‘ 

FT 


rather  than  at  k * 0.  Hence , 

^ IT 


V'*  / 


e/K 


The  presence  of  the  square  root  suggests  to  substitute  a new  rariable  of 
jL2te*’*k^lon  *e  bf 


ttvu  ehich 


It  is  convenient  to  introcboe  again  tbs  polar  coordinates  R,  9 (Fig.  6) 

where 


a 


- K 9 
R 9 


U VI  J 


With 


J4  , ^ 

^ ~9kV*  ® 

. I -ifA 

($K  I 9.  « (Iv’ 


. 

_ i::! 

OT4 


*<4<-  oIk 


/ 


4>i«i.4*Cy 


At  e 


llv*  ' 


( At  ■ 


real  part)  and  sispLlf^dnc^  «A'  /( 

j'/k  1,  ♦2^1,  + A* 


a -»•«.) 
c/k 


at 

it 


b P - a 

t 


(26) 
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idiere 


nd  vhatre 


I. 

I. 

a 


r • '*/ 

J e or/c 

0 > * f* ' '^)  , 

I t c(k. 

*r“  t 

j coa/  H ^ «<K 

0 

iB  tha  diaBn8i<Hile88  qaantitgr 

■^—T  > 0 

2V‘ 


Tha  Integration  la  undaratood  to  be  taken  along  the  poaitlTe  real  aria. 

Polaaon’a  integral  repreaentatlon  Tor  the  lero  order  Hadoal  fanetloa 
(Beaael  function  of  the  third  kind)  H , ( ^ ) of  tha  ooaplas 

arguiaant  J can  be  aritten  (Ref.  (i),|VIII,  Sb), 


Hi'Vn 


ahare  tha  path  of  intfigratlon  in  tha 

if 


u)  m ’f*  it  plane  .saa  be 
Fig.  7 


(26^ 


(26") 


taken  aa  Indloated  In  Pig.  7*  Thla  la  ralid  prorlded 

- J < f,  < x-*r^7 

If  va  taka  J • and  VI  • 9 the  abo?e  condition  la  folfUled 


and  one  haa 

kH'm  - 

Lntrodneing 

I.  • /«'* 


_ * e»*  «*> 


e/u 


, ii/e“ 


/a#-  / M 

‘ c/y 


In  the  laet  integral^  # 


— Up 

Kf  « **  • .UA  M«9  J.flwav  ^ ^ 


BR  - li 


Ol._ 


CONFIEENTIAL 


The  first  term  on  the  right  Is  real,  the  second  pure  Insglnary* 


Hence  9 


;et  I.  - 


Independent  of  0 . 

The  Integrals  I,  and  1;^  coi  be  obtained  from  I,  by  a. 
recurrence  foraiila.  Consider  the  Integral 

I « I oen-A  K C c/k. 

shere  n ■ \ , Differentiating  with  respect  to  the  parameter  «.  , 

whereas  differentiation  with  respect  to  the  parameter  9 gives 

trom  which,  after  e short  calculation,  ^ 

■ a \r  if  C -***' 

Atm.9  Mu  _ Ma  - / C0^  K.  c 


^ iis  . c<nff  ^ 

4 }a 

Hence,  one  has  the  farnula 

I * 


■*•*'■**  9 ^ & 


mad  In  particular, 

“ —7-  ~TiT~ 

since  9,  tad  8 are  real.  Putting  first  n > 0 , after  carrying 


out  the  differentiation. 


g,  X,  . - f c<«5  «,  C'^; 


Wjm.^  • Smm.  9^ 

■ XifU  ri  3P  I AJU  i \Jum  a juxiuo 


R.  ^ H,  (/4;j 


with  these  results,  iron  £q.  (26), 


J*i»r  -a^e^S 


|^'/+ O'^yJ 

zb  <*  i ,* 


I 
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Thu  part  of  tha  doanraah  vhiob  oopraapoada  to  tliw  boosid  ^rtaz  drac 
(Table  1)  la  , a 

2h^f  / *-  0 J (32) 

Tte  taran  mid  «•  real  aad  are  ta'julatad  Ic  (R«f»  (1) 

for  Talaaa  of  a raiglsg  frcai  0 to  15*9* 

U.  Tha  boond  Tortex  drag«  « of  a short  wing  is 


vhare  L '^a  total  lift.  With  ■ 2f  mid  &•  O , and 

introduoin^  tha  Froada  noBbar  T refarrad  to  tha  subaarganoa. 


(33) 


one  has  fixm  Bq«  (32)« 
I>S 


, i 
1 . 

“TTt 


or 


eliara 


± V*/ 

A * 


Ih 


Bl  . c,  i y.cr) 

y.(»- 


A siallar  rar/ult  has  bean  obtained  bj  Harelock  fear  the  case  of  a subaerged 
sphere.  Ref.  (f). 

In  tha  particxilsr  case  of  a rery  aaall  Froada  nunbar,  the  tern  which 
contains  the  azponentlal  and  Hankal  fcnetlosas  tends  towards  zero  for  0 
mui  one  obtains 

M * •*  • 

\ *h*9  32- 7T 

The  bound  Tortex  drag  orer  lift  ratio  is  negatire  in  this  case. 

The  saaa  result  can  be  derlred  also  in  the  following  manner t Since 
the  Frouds  auiDbar  is  a measure  of  the  ratio  of  inertia  force  and  grari^ 
fore*,  grari^  becotaas  Increasing!^'  li^xjrtant  as  conpared  with  inertia  if 
^ r-  It  follows  then  from  Eq.  (3)  that 


V (3U) 


(34*) 
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X,  m 

i.  e.  the  free  snrface  acta  like  a rigid  boundary  in  this  caae  (Ref.  (b)). 
Tbs  boundaiy  condition  at  the  surface  can  then  be  satisfied  through  the 
introduction  of  the  iaage  system  (3)  of  section  3*1  alone,  without  an 
additional  perturbation  potential.  All  that  is  laft  in  Eq.  (3U)  is  the 
term  ~ whioh  originated  from  the  velocity  induced  by  the  image 
rystsau 


For  large  Talues  of  F,  i.e.  small  arguments  of  the  Hankel  functions, 
one  hae  ths  a^rmptetic  Talnes  *) 


« " 'j? 

Baler's  constant).  From  (3U)«  one  obtains  then  after 


- +• 


009  9y 


short  caAculation, 

(V.)„.  - ^ 5^ 

Qravlty  being  neglegible  as  coiqsared  with  inertia  forces  in  this  case, 
the  boundary  condition  at  the  stirface  can  be  satisfied  tgr  means  of  an 
image  system  of  opiposite  circulation  as  compared  vith  the  image  system 
es^loyed  so  far.  This  conaideration  leads  also,  independently,  to  Eq.  (3U^« 
^le  botmd  vortex  drag  in  this  case  is  identical  with  the  "eaitually 
Induced  drag*  of  a biplane. 

The  function  V.  la  plotted  in  Fig.  8««).  Tiie  boimd  vortex  drag 
is  found  to  vanish  at  a FTouds  number  F - 0.61;. 

It  will  be  shown  In  section  ? that  the  condition  2b  « f so  far 
ia;>o6ed,  can  be  greatly  relaxed  without  invalidating  Eq.  (3U).  For  instance. 


(3U^) 


*) 


See  also  Ref.  (a)  whe2*o  this  approach  has^teen  first  suggested. 


A similar  curve  is  persented  in  Ref.  (a)  , whare,  however,  a toaewhat 
different  definition  for  the  dlmansionleaa  function  Y.  -1-S  emplcyod. 
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or  also 

D.  - 

-iL^  • -A-  Y,  (T) 
V 2bf  ' ' ^ 

. xt>  >>f 
V* 

2b  » 

II 

3 

^(35) 

where 

- i 
A f' 

IF 

and 

lF 

ur 

i 

In  the  last  aquetionj  the  syabol  ~ naans  the  apai-wiae  orerage  of  the 
quaititj  In  queation.  yu  depeada  upon  the  lift  distrihutlan  onlj. 

Whereas,  for  a rectangular  lift  distribution,  ooa  finds  easliy  for 

an;  elliptic  distribation. 


The  function  V,  is  also  plotted  in  Fig.  8.  Tanisbes  for 

F - 0 md  for  F • ®o  as  one  recognises  from  t<ie  eocpression  found  for 
Yi  • The  i^Qrsical  arguaent  utilised  in  section  for  the  cases 

F * 0 and  F*  o*  , leads  also  to  the  conclusion  that  the  bound 

Tortex  drag  oust  Toiish  in  these  cases. 

7«  Qeneral  Caso  of  the  Wave  Drag  of  a Single  Hydrofoil 

1.  Consider  now  the  part  of  the  dcannrash  which  corresponds  to  the  bound 
▼ortex  drag  asid  which  is  induced  Ctx>0,  7*Va  ,S"-fbja  wing 
element  ely,  , located  atxsQ,  jwjj,  s--f  (Fig.  9). 


, , r>«rsr»'<pr''T*^ 
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7 


free  sixrf^* 


v\ 

- w 


hydrofoil  ». 


' % » 


For  thlB  porpoee,  one  has  to  replace  in  £q.  (32)  ih  tor  and 


g 

iV*- 


F*#s»* 


Hence,  one  obtainv  for  the  doioxvash  angle,  l»e.  the  ratio  of  the  doaniraeh 
Telocity  and  the  speed  of  adrance. 


vhere 


^ V.  (r,  «•; 


^ “■  c^*gc^(j»V  I 


and  where 


In  Fig.  10,  Y, 


« o/rt 


is  plotted  rersus  the  dlaamsionless  distance 
Hi.-  % . 2 b^6* 

f 


for  three  different  Talues  of  the  Fronde  nunber, 
F ■ 0- 


F ■ 10, ' 
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In  the  case  F 3 o,  the  terss  eontaljndng  the  expctential  and  Hanksl 
runctlcns  Tanlsh^  Consequently, 


1^4 


tnO 


i2  JT 


(36*) 


la  the  case  F * ®®  tadciag  use  of  the  asyBqjtotic  representation  for 
the  Haiikel  functions, 

- 


ii  It 


(36°) 


The  right-hand  side  of  Eqs.  (36*  ) and  (36*)  vanishes  for  corresponding 

to  — • ± 2 , At  these  points  the  doTrrnraah  changes  its  sign. 

2«  The  total  domnrash  angle  (as  far  as  the  boimd  vortex  drag  is  concerned) 
at  t/  « Is 


J — y,  (r. 


(37) 


and  from  this  the  bound  vorcex  drag. 


♦b  4^b 


S»“~^  ^,«-b 

Introducing  the  dimensionless  quantities  K ^ 'it  jf  f 


and  the  span-submergence  ratio 

1 L 

/5  - ^ 


one  has 


or  also 


iyf 


(36) 

i 

^ I 


There  is  /A  . . 

„ . ^ ■ j' ».( 


;s^ 

L 


Ibf 


k 39) 


F,  JX,  — 


I ( " f i(^ . uW)  1 1;  ft. 

I ) ) t,  L.  { I 

F— 


HR  — U 


■7»«(ETrA3?^- 


P«g«  ->1- 
COrFIEEirTIAL 


d' 


«<•« 


X.-X, 


BMldsa  dspendiag  from  F nd  ^ ) V|d0pasdm  also  from  tha  Ufi<* 
distribution.  If  one  puts 

I I r 

the  dlatrlbatloQ  Is 

rectangular  for  n • 0 
elliptic  for  n « Vi 
paraboUd  for  n I 
The  total  lift  L • lb  L|  is  found 

"l.  >>«#  ' 

after  short  ealeulatlon,  where  T signlfiss  bare  the  gasoA  function. 

Consequentljf  one  can  rejdaoe  in  this  case  — i)  in  Eq.  (39)  bgr 

L.(A.)  L.(f^z)  4r* 


L,  L, 

For  izistanoa,  for  n « 'A  (elliptic  distribution)  this  becomes, 

m constrast  to  the  Integral  encountered  in  calculating  the  induced 
dr  ag  (trailing  Tortex  drag),  the  bound  Tortex  drag  (£q.  (39))  is  axpreinad 
ly  a proper  integral.  It  can  bo  eraluated  loir  lusts^cc  rith  the  aid  of 
a planlmeter; 

In  ^ig.  11  ^3  la  plotted  ’fersuo  /i  for  F * 10.65  and  n»  0 . 

It  is  contfenleiit,  in  this  case,  to  take  as  new  Tariablea  of  integration 
in  Bq.  (39), 


A , 

Ai. 


K-  X, 


Consequently 


antjy,  ♦ i A, 

't,  » Y»(T,  c/A, 

A,»'4  A.-Ai-4 


(39  M 


o » 0 


(39*) 


CONFIDENTIAL 

Y}  Is  'then  oht&iirad  undsF  the  souS  cux^ts 

In  Fig.  10,  but  for  Tarloua  Taluss  of  the  lioltv  of  integration! 
plotting  the  result  of  the  integration  versus  and  integrating 

once  more  gives  Y|  « 

3.  If  expression  (3U)  fer  the  boxmd  vortex  drag  of  a short  wing  is  written 
in  the  same  form  as  Eq.  (39),  one  obtains, 

Y,  - /^Y. 

in  this  case.  The  straight  lines  corresponding  to  this  relationship  are 
also  drawn  in  11,  for  F ■ 0,  10.65  and  oo  , Ths7  are  tangent 
to  the  curves  plotted  in  'this  figure.  The  slope  reaches  a naxiauB  at 
about  F a 2.5  (Fig.  8)  and  decreases  then  again  for  increasing  FTouda 
number.  Hence,  part  of  Fig.  11  is  doubly  covered  by  the  lines  F « con> 

St ant. 

Similarly  one  has  for  a long  wing  , 

Y,  - /<% 

This  relationship  corresponds  to  horizontal  lines,  tc  which  the  curves  in 
Fig.  11  are  asymptotic. 

The  bound  vortex  drag  is  Independent  of  the  lift  distribution  in  the 
case  of  a short  wing  (Eq.  (3U)),  and  is,  for  practical  purposes,  almost 
independent  from  it  in  the  case  of  a long  wing  (section  6).  Presumably 
this  is  therefore  true  for  'the  whole  range  of  ^ • This  fact  makes 

the  distinction  between  bound  voi*tejc  drag  and  trailing  vr>rtex  drag  very 
convenient  for  calculating  purposes:  the  former  depends  upon  the  Froudo 

Euaiber  and  the  span-siibmrgenee  ratio,  but  little  upon  the  lljft  distri- 
bution* -the  lat'ber  depends  only  upon  the  lift  distribution. 

U.  In  the  case  F » 0,  n ■ 0,  Eq.  (39®)  simplifies  to 

V,  « - _^J4AjJ 

A*«-4 


■^iiiirnaii 


««.  «Mr«k.*.  .’wna*i 


<c^s 


. k.  .O\ 
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'V'A. 


ia  Tdth  0'  ^ 
At 

•>fC  ^ 

‘f- 

■ .iA  « 

A. 

J(' 

• ¥f 

/+  el! 

M 

^t^lr 


Integrating  over  Ai  > one  finds  after  short  calciilationf 

'*4-V 

V,  . 


in  A 


i 


! , »i-  f> 


This  expression  for  y.  be  regarded  as  an  approximation  in  the 

ease  of  a rectangular  lift  distribution  end  of  a very  small  Froude  number^ 
and  is  plotted  in  Fig.  11. 

The  surface  acting  in  this  case  like  a rigid  sheet,  one  can  derive 
Eq,  (39*^ also  directly  by  considering  the  downwash  Eq«  (25)  produced 
the  appropriate  image, 

5«  in  Eq.  (39)  is  never  larger  than  ^ , ehere  Y is  the  half- 

angle under  liiich  the  span  appears  if  viewed  from  the  midpoint  on  the 
surface  (Fig,  9)«  Provided  that 

f ^ 


1 + 


the  argument  of  the  functions 


and  Hi  In  Eq.  (39)  becomes 
veiy  oKall,  Staking  use  of  the  ssympt-otic  representation  for  the  Hankel 
functions  and  assxunlng  «*.  * 0 , */^ 


* ♦ y T-* 

ss  obtained  in  the  c~c  F ®;0,  exeMpt  for-  the  sign. 


(35“) 


Consequently  , 




Sr:  /d 


F I , n « 0 


For  instance,  for  F “ 10.85  and  Y w v5*  (corresponding  to  T 7,6?) 
one  underestimates  the  bound  vortex  drag  by  22^  if  this  equation  is  used 
as  a first  approximation* 


(39'^) 
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6*  For  eonpvlaon,  conaldar  the  trailing  Tortax  (indaced)  drag 

“ f/,  V* 

for  m elliptic  lift  dlatrlbutlon  (e.g.  Ref.  (e)).  For  easier  caparison 
with  Eq.  (39 )i  one  erlte  the  above  eqaatlou. 


Dr  - 


V*  3bf  k/9 


t V 

— r I n • /x 


V 

V. 


nd  id.th  the  syinbola 


u. 


XT 


T c^9‘ 

/wI»T 

T c**9‘ 


fFF??  - 


(1*0) 


The  expression  — ^ is  also  plotted  In  Fig.  11. 

The  trailing  vortex  drag  predoslnstes  over  the  botmd  wrtex  drag  In 
the  case  of  a sufficiently  snail  spai.  It  follows  then  f^ca  the  corres- 
pocdlag  thearen  derived  in  airplsDe  wing  theor7,  that  the  optiisiua  lift 
distrlbation  (l.e.  the  distribution  for  which  the  total  drag  of  a single 
foil  Is  a alnlsssa)  is  elliptic. 

Gb  the  other  hand,  for  a saffielaztUy  large  span«  the  bound  vortex  drag 
becones  predoainant.  It  follows  then  trem.  Eq.  (35)  that  the  optisna  lift 
distrlbutlcn  approaches  a rectangolar  distribution.  «) 

6.  Appendix 

If  one  introduces  In  Eq.  (39)  instead  of  the  variables  of  integration 
and  Xj 

2X, 

2 A. 


(A-1) 

(A-2) 


*)  yU  in  Eq.  (35)  cannot  be  snaller  than  1 , 

value  la  obtained  for  a rectangular  lift- cUatrlbut loo. 


This  latter 


f 


'laSWii 
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Thla  in  the  ezpreaeloc»  for  the  bound  ▼ortaz  dra(  eteted  in  the  MaorsndHje 


Ref.  (J)  containing  the  adranoe  inforsiation  on  the  present  cubject  naterlal. 


n:  I.  Uiirer 


IfiHwnReRm' 


•f  • 1 

It 

ii:! 

1*.; :; 

u 

i 

1 1 

1 

1 

ri  i 

. 

zSmT* 

IS 

B 

bB 

